We present first-principle numerical calculations for few particle solutions of the attractive BoseHubbard model with periodic boundary conditions. We show that the low-energy many-body states found by numerical diagonalization can be written as translational superposition states of compact composite systems of particles. These compact states break the translational symmetry of the problem and their center-of-mass and internal excitations offer simple explanations of the energy spectrum of the full model.
I. INTRODUCTION
Interacting many-body quantum systems present theoretical challenges in all branches of physics and chemistry, and a wide range of methods have been developed to provide efficient computational methods and to gain insight in their detailed structure and dynamics. Separation of different physical degrees of freedom is a widely used approach, e.g., in chemistry, where the Born-Oppenheimer approximation treats the electronic motion in the presence of classically fixed nuclei, and subsequently the resulting energy levels together with the direct nuclear interaction constitute potential energy surfaces for the quantum motion of the nuclei [1] . The nuclear motion, in turn, can be separated into vibrational motion around minimum energy configurations, and quantum translational and rotational motion of the entire molecule. The latter reflect the translational and rotational invariance of the Hamiltonian and establish total momentum and angular momentum as conserved quantities with associated good quantum numbers.
A similar separation of the interaction energy associated with the relative motion and with the translation and rotation of the composite object of particles is used for the state of atomic nuclei [2] , and it has also been applied in the interpretation of excited state spectra of atoms with spatially (anti-)correlated electrons [3] [4] [5] .
The validity of such a separation in relative motion of individual particles and collective motion of the bound composite object is usually explained with reference to a separation in energy scales which suppresses the coupling between the different degrees of freedom and justifies an adiabatic separation, e.g., of the slow nuclear and fast electronic motion in molecules.
In ultra-cold atom physics it is possible to study the case of binding due to very weak and tunable interactions, and we may probe the transition between a collection of independent particles and a single massive object held together by the attractive interactions. Attractive bosons may thus form a so-called bright-soliton, which in mean field theory [6] [7] [8] is described by a localized solution to the non-linear Schrödinger Equation. The choice of a particular localization breaks the translational symmetry of the system in free space, but rather than restoring translational symmetry by diluting the atoms in a uniform mean field wave function, a quantum superposition state of translationally displaced copies of the soliton wave function may form a better Ansatz for the manybody quantum state.
A similar situation occurring for atoms in a trap was analyzed by Pethick and Pitaevskii [9] , see also [10] [11] [12] , where again a compact bright soliton like object may form, and where this object may exercise quantum motion described by the center-of-mass ground state wave function in the trap. If the quantum mechanical excursions of the center-of-mass motion are comparable to or larger than the soliton width, the state is poorly described by a single mean field wave function, and as a consequence the high degree of order in the system is not reflected by a macroscopic population of a single particle state. Figure 1 : The Bose-Hubbard model describing atoms populating single particle states localized at lattice potential minima. Upper panel: The atoms experience tunneling between sites, while atoms on the same site interact with interaction strength U < 0. Lower panel: Many-body quantum state in a finite lattice potential with periodic boundary conditions. The translated copies of a classical configuration of atoms depicted as red balls illustrate how the full state is a superposition of translated many-body quantum states. Similarly, the green curve shows the atomic density in a localized state, while the density in the translated replica are indicated by the blue curves.
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In [13, 14] mean-field and Bogoliubov theories are used to reveal how a system of bosons on a ring with periodic boundary conditions breaks the translational symmetry and undergoes a quantum phase transition towards a localized soliton-like state, and how critical fluctuations and localization may occur due to a weak symmetrybreaking perturbation or measurements on the system. Anderson localization of the mean field solution in an external disordered potential on length scales much larger than the soliton width is reported in [15] .
The separation between relative degrees of freedom and center-of-mass motion of composite, bound objects, does not rely on mean field theory. In [16] it is thus shown that the soliton-like object can scatter and form macroscopic superposition states of transmitted and reflected components, while a many body description is used to describe the decay of the soliton into fragmented condensates in [17] . Two particle bound states on a lattice separate exactly in center-of-mass and relative coordinates [18] [19] [20] , and in [21] , it is shown how the ground state solution to the Lieb-Liniger model of an attractive Bose gas in one dimension can be precisely represented as a translational invariant state with a definite dependence on the relative coordinates between the particles following a Bethe Ansatz with exponentially decreasing terms.
In this article, we will analyze the attractive BoseHubbard model on a finite lattice with periodic boundary conditions as illustrated in Figure 1 . We will treat the case of few atoms and few sites, which permits exact numerical diagonalization of the problem, and we will subsequently analyze the results, and show how the discrete translational symmetry of the problem gives rise to states, which can be represented as superpositions of translated versions of compact symmetry breaking states. We will study both the ground state and excited states of the system, and we will identify how the low-energy part of the energy spectrum can be understood in terms of the center-of-mass and relative motion of the atoms.
In Sec. II, we introduce the system and identify the symmetries of the problem which enable a reduction of the full many-body problem to a numerically tractable form. In Sec. III, we present numerically determined energy spectra and correlation functions in support of our separation of the problem. In Sec. IV, we show that our states can be represented by the desired Ansatz. In Secs. V and VI, we show how the underlying compact quantum states are related to and can explain features in the computed energy spectrum for the model. We conclude in Sec. VII
II. THE SYSTEM AND ITS SYMMETRIES
We consider a one-dimensional lattice with M sites numbered 0, 1, 2, . . . , M − 1, and we restrict our analysis to the case where atoms can access only one singleparticle state |φ j at each site j. A system of identical bosons on such a lattice is most conveniently treated in second quantization, and in the tight-binding approximation, the system is well-described by the Bose-Hubbard Hamiltonian which, acquires M discrete values in a finite lattice. Finally, the system is invariant under parity symmetry, which ensures that E m n = E m −n and which imposes constraints on the real and imaginary parts of our expansion coefficients that are useful in the following.
We can divide the basis B M N into P disjoint equivalence classes of basis vectors
where |Ω a and |Ω b lie in the same equivalence class E (j) iff |Ω b =T k |Ω a for some k. Every state |Ψ can be expanded uniquely as
where we have renamed the basis states such that
|E (j) | being the number of elements in E (j) , and |Φ
0 . If |Ψ is a translation eigenstate with quasi-momentum q n , then for any two elements |Φ (j) a and |Φ
and the expansion (9) takes the simpler form
where C j accounts for the overlap between |Ψ and states from E (j) . SinceĤ andT commute,Ĥ is block diagonal in a basis of translation eigenstates. Inspired by the expansion (11) we can choose such a basis as
with n = 0, . . . , M − 1 and j = 1, . . . , P . These states are orthonormal in both indices and the matrix representation ofĤ is block-diagonal. The problem thus reduces to the identification of eigenvalues and vectors of M ma-
III. NUMERICAL RESULTS
Using the state vector representation described in the Appendix, and the simplification of the problem following from the above analysis, the system becomes amenable to standard numerical diagonalization routines, and the eigenstates and -energies (6) ofĤ can be found.
A. Energy spectra
In Figure 2 , the energy spectra for 11 particles on a 13 site lattice are shown for different interaction strengths delineating the transition from the noninteracting regime to the strongly attractive regime. The colored solid lines are used to connect the energies at the discrete allowed values of q n in the figure.
In part (a) of the figure, U/J = 0 and the interaction term ofĤ vanishes. Thus, the system can be solved by finding the single-particle eigenstates and -energies on the discrete lattice and forming N -particle product states. Weak interactions among the atoms are introduced in part (b) of the figure. They couple the product states, and as the interactions get stronger in parts (c) and (d) of the figure, the spectrum develops structures at different scales. These are the structures that we will associate with different modes of atomic motion: low energy translational motion of the entire composite object, slightly higher energy motion of atoms outside the bound composite object, and large energy gaps associated with the excitation of different numbers of atoms out of the bound composite object.
In the subsequent sections, we examine this separation hypothesis further by an analysis of the eigenstates found by our diagonalization, and we shall also quantitatively address the energy contributions from center-of-mass and individual particle motion.
Here, let us consider the coarse scale structures in Figure 2(d) The interaction energy of n particles on a single site is U 2 n(n − 1), and this explains the coarse separation of the spectrum into bands of states around
, which are translational superpositions of states where either all atoms occupy the localized condensate state, or one or two atoms are excited out of the condensate. In the total absence of tunneling, U/J → −∞, each of these bands become degenerate, while in Figure 2 (d), in the presence of both tunneling and strong attraction, the degeneracy is lifted within each quasi-momentum subspace, and the bands split into a series of almost flat sub-bands. The crossing structures observed at the weaker interaction strength in Figure 2 (c), will be discussed below.
B. Eigenstates
All the energy eigenstates found by our diagonalization are quasi-momentum eigenstates, and hence the particle density is uniformly distributed over all lattice sites. Usually, the structure within the manybody states is analyzed by correlation functions, and in Figure 3 The upper plots reveal the constant density along the identical j = k diagonal elements, and they show the vanishing of the first order coherence function for large separation. Diagonalization of the one-body density matrix, yields M almost identical eigenvalues around N/M , indicating that the atoms are evenly distributed on M single particle modes, and according to the Penrose-Onsager criterion, the system of bosons does not populate a condensate. The width of the diagonal bands in the figure indicate, however, that these single particle modes are localized on a small number of neighboring sites. This is similar to the observation by Pethick and Pitaevskii [9] that trapped attractive gases do not condense according to the conventional criteria of Bose-Einstein condensation.
The lower plots show the density coherence functions with the intuitive interpretation as the probability of finding a particle at a given site, k, given that another particle has been seen at another site, j. The large values along the diagonal show that, while evenly distributed on average, the atoms are not independent, but cluster strongly around each other within a range comparable to the single-particle coherence range in the upper panels. This of course supports our hypothesis, that the atoms form a compact condensate wave function, like a bright solitonic wave in mean field theory, but in order to minimize its kinetic energy, the center-of-mass of this wave function should be completely delocalized over the lattice.
We note, that localized bright or dark solitons in mean field theory break the translational symmetry of the underlying equations, while Bogoliubov theory returns both quasi-particle excitation modes and two Goldstone modes associated with the U (1) phase symmetry breaking and the breaking of translational symmetry. The latter Goldstone mode causes a growing position uncertainty of the whole mean field solution and shows explicitly that localized solitons are not stationary solutions [22, 23] . Similarly, in our case, a localized many-body state would not be an energy eigenstate. We do not have recourse to Bogoliubov theory, but in the following section, we shall see how the same conceptual idea works in our exact solutions of the Bose-Hubbard model. 
IV. DECOUPLING OF THE TRANSLATIONAL MOTION OF EIGENSTATES
The goal of this section is to identify localized, compact states |α m n of the N atoms, which enable us to write the translation eigenstates |Ψ m n as superposition states of the form,
where C is a normalization constant. The lower part of Figure 1 attempts to illustrate the idea behind an Ansatz of precisely this form, where the phase factors in (13) lead to a translation eigenstate with quasi-momentum q n .
A. Superposition and projection
We introduce Eq. (13) as a superposition of translated replica of the state |α m n , but we may also read the equation in a different manner by noticing that the self-adjoint operatorτ
is a projection operator, which projects any state in H M N onto the subspace of translation eigenstates with quasimomentum q n . The superposition (13) of translated replica of a single localized state is thus, up to normalization, identical to the projection of that state on its q n quasi-momentum eigenstate component.
An immediate consequence of this is that given the target state |Ψ m n there are infinitely many possible choices of |α m n , and all the states forming, e.g., the lowest energy band in Figure 2 can be constructed from the same state in a quite tautological manner, by first adding all these states together in a superposition with arbitrary nonvanishing expansion coefficients, and subsequently applying the operators (14) to extract all the eigenstates one by one. This is merely a formal property of states obeying a symmetry, and hence it does not provide a physical explanation of the spatial correlations in the states.
Rather than forming the underlying state |α m n , from the energy eigenstates in each excitation band, we will build their formation on the physical principle, that they are well-localized on the lattice and centered at the site j = 0. Since each of the equivalence classes introduced in (8) contains states which are related to each other by displacement, they all project onto the same state under the operation byτ n , which in turn implies, that we can build any quasi-momentum eigenstate |Ψ m n from (13) with |α m n composed of only one member from each equivalence class
We now select the representatives of each equivalence class according to their spatial location on the lattice. Due to the periodicity of the system we can picture the sites lying in a circle as in Figure 1 , and thus assign a two-dimensional position (x j , y j ) to each of the M sites. For convenience we use complex notation z j = x j + iy j = e 2πij/M . We can now define a center-of-mass coordinate as the arithmetic mean of the coordinates in the complex plane. This definition of the center of mass has the advantage, that when we apply the translation operator on a basis state, we rotate the complex phase angle of all particles by 2π/M radians counter-clockwiseand the center of mass thus rotates by the same angle in the complex plane. This rotation, couples the different elements within each equivalence class (10) , and we propose to expand our candidate localized state on members from each equivalence class which have their center-of-mass complex phase angle within the interval ] − π/M ; π/M ]. Figure 4 depicts the center-of-mass coordinate for all Fock states with 11 sites and 4 particles, and the shaded wedge indicates the values for which we include the state in our expansion. In practice for the state vectors |Ψ m n found by our numerical diagonalization, we merely retain the expansion coefficients on the basis states with center-of-mass in the wedge. To summarize, we choose the underlying state as
whereŴ is the projection onto the space spanned by the Fock states with center-of-mass within the wedge, and even superposition states of those Fock state pairs with center-of-mass on the upper and lower angular limits of the wedge.
V. LOCALIZED STATES
In the previous section we motivated a procedure to find localized states, |α Figure 5 shows the densities of these for four different interaction strengths and for the two lowest energy excitation numbers, m = 1, 2. For low interaction strength, tunneling is significant, which causes the states to spread out, while for larger attraction the states narrow to minimize energy, and in the limit U/J → −∞ all particles are located on one site in the m = 1 states. The figure also shows, that even though the states |α m n are determined independently for each state |Ψ m n , they are very similar for different q n , supporting our assumption that the center-of-mass and the internal relative motion of the atoms separate.
In our previous discussion we justified the separation of different motional degrees of freedom by their different energy scales. Parts (a) and (b) of Figure 2 lend no support for the separation, while parts (c) and (d) display a clear distinction between the energy scales associated with the center-of-mass motion and the relative motion. A magnified view of excitations 2-5 in Figure 2 (c) are reproduced in the upper panel of Figure 6 (for a slightly different interaction strength). Among these states an avoided crossing is observed between the 3rd and 4th excitation bands at zero quasi-momentum. This suggests that the separation Ansatz does not hold here, and indeed, the localized states identified for these states vary, as we pass the crossing region. This is quantified in the two lower panels of Figure 6 , where the overlap of the localized states |α m n obtained from different quasi-momentum states with a fixed localized state |α m −3 is plotted. The solid blue curve in the middle panel shows that the localized states are almost constant for negative quasi-momentum states in the 4th excitation band with a near unit overlap with the typical state |α 4 −3 in that interval. However, the states abruptly changes character at the crossing, and acquires the character of the negative quasi-momentum states in the 3rd excitation band as seen from the dashed blue curve in the lower panel. Consistently, the same behavior is observed for the states in the 3rd excitation band. This is a typical example of the diabatic transition between pairs of states near degeneracies in a physical system, and we may in fact imagine an experimental application of this crossing phenomenon, where the system is driven through the avoided crossing by acceleration of the lattice, and thus superpositions of two different many-body quantum states may be controllably prepared.
The curves in the upper panel suggests that further avoided crossing with the 2nd and 5th excitation bands occur at the band edges-but more pronounced in the spectra for weaker attraction-and the overlap amplitudes in the lower panels confirm a non-adiabatic transition behavior toward these states.
A. Many-body character of the localized states
We have shown, that the energy eigenstates in the Bose-Hubbard model in the case of strong attractive interactions can be written as translational superposition states of localized composite many-body states of the atoms. Let us now investigate their many-body characters in more detail.
For each state |α m n we can compute the one-body density matrix ρ with the matrix elements
This quantity is equivalent to the first order coherence function, but unlike the results shown in Figure 3 , here we compute it for the localized state. In Figure 7 is plotted the three largest eigenvalues of ρ for the states |α m n with n = 0 and m corresponding to the ground band and to the lowest sub-band of the first and second excited band. We we see that the largest eigenvalue of ρ is comparable to the number of particles, which implies that in each state |α m n many of the atoms occupy the same single particle wave function, which in turn is given by the corresponding eigenvector of ρ. In the limit of strong attraction U/J → −∞, for the ground state the largest eigenvalue λ 1 approaches the number of particles N = 11, while for the states in the first and second excited bands, the largest eigenvalue approaches N − 1 and N − 2, respectively. This is a clear indication, that in the ground band, |α 1 n is an N -particle condensate with all particles in some single particle state |χ 1 n , whose density is easily extracted from Figure 5 , while in the first and second excited band, one and two atoms are excited out of the condensate, respectively. This is similar to the understanding offered by the (number-conserving) Bogoliubov treatment of interacting bosons [24] in the limit of particle-like excitations out of the condensate wave function.
The middle panel of Figure 7 shows that in the first excited band, the second largest eigenvalue of ρ is unity for a wide range of strong attraction, suggesting that a single excited atom occupies a definite single particle state |σ m n orthogonal to the condensate mode |χ m n . Qualitatively, this particle tunnels among M lattice sites, exposed to an attractive potential dip at the site occupied by the condensate, and we expect the particle to have discrete eigenstates equivalent to plane waves with a suppressed density at the condensate location. The condensate wave function and this excited state wave function are indeed available as the eigenvectors of ρ corresponding to the eigenvalues λ 1 and λ 2 , respectively, and in Figure 8 , we show these functions for U/J = −1.75 for the three lowest excitations in the first excited energy band (m = 2, 3, 4) . The condensate wave function shown in the upper panel is strongly peaked with small wings due to the tunneling, and the singly populated wave functions for the three lowest states of the first excited band are indeed of the expected form with an increasing number of nodes corresponding to scattering states on the ring in the presence of the condensate.
For states in the second band the largest eigenvalue of ρ has the limiting value N − 2, but the two subsequent eigenvalues show a more complicated behavior. This is compatible with a condensate state with N − 2 atoms, while the two excited atoms populate a non-trivial twoparticle state. To investigate this state further,b c is applied N − 2 times to |α m n , whereb c is the annihilation operator that removes a particle in the condensate mode |χ m n . The wave function of the resulting two-particle entangled state |κ m n is illustrated in Figure 9 for the three lowest zero quasi-momentum states in the second excited manifold. The states are shown for two different interac- with the lowest energy in the ground band, the first and the second energy band. The limiting value of λ1 for strong attraction equals the number of particles, N = 11, in for the ground band. The rich structures in the eigenvalues at weak interactions are due multi-level intraband level crossings which change the character of the lowest eigenstates in the first and second energy bands. tion strengths and are evidently not (symmetrized) product states and can therefore not be regarded as two particles occupying two (different) single-particle states. Indeed, the attractive interaction strongly correlates the atoms on the same side of the condensate peak at j = 0, and as the attraction increases the wave-function becomes more and more narrow around the diagonal in the plot, indicating an increased spatial bunching of the two particles.
We note that the conventional Bogoliubov treatment is formally an expansion in 1/ √ N [24] , and interactions between atoms outside the condensate wavefunctions can be neglected in the limit of large N . Due to the near degeneracy of non-condensate single particle states shown in Figure 8 , these interactions are significant in our problem and cause the emergence of the non-integer occupancy eigenvalues shown in Figure 7 , even when precisely two atoms are removed from the condensate state.
VI. ENERGY OF TRANSLATIONAL MOTION
In the previous sections we justified the separation of the quantum state into a center-of-mass translational motion and relative motion of the atoms. We observed how the discrete excitations of the system in the case of strong attraction correspond to removal of one or more atoms from the condensate-like bound state of the system, while the lowest energy scale is associated with translation of the compound state. The localized state breaks the translational symmetry of the problem, while the restoration of the symmetry by a superposition of translated states gives rise to a simple analysis and interpretation of the ensuing energy. In continuous space, Peierls and Yoccoz [25] , thus show that a superposition state with a complex phase variation with wave number K is a total momentum eigenstate and gives rise to the usual kinetic energy expression, 2 K 2 /2M , where M is the total mass of the system of particles. Peierls and Yoccoz also show that for an oriented quantum system, an angular superposition state weighted by Wigner rotation functions becomes an angular momentum eigenstate, e.g. of a nucleus or a molecule. In this case, however, the spectrum only recovers the rigid rotor form with terms proportional to L(L + 1) and M 2 L [1] if the state is sufficiently localized in Euler angles such that a Taylor expansion of the Wigner rotation functions is valid over the angular extent of the state. In nuclei, a superfluid core violates this, but the normal component may still be treated in the above sense and gives rise to rotational structure with an apparently reduced moment of inertia.
In case of angular rotation of polarized electronic states in atoms, deviations from the rigid rotor energy structure in the form of an apparent increased moment of inertia, have been explained in [26] , by the angular extent of the states being too wide for the simple Taylor expansion of the Wigner function to be valid.
The case of a finite, discrete lattice presents an interesting intermediate case between the continuous momentum and discrete angular momentum eigenstates, and the dispersion relation for center-of-mass motion in the lattice is not a priori obvious.
By our numerical diagonalization, we have already found the spectrum, but following [25] , we can also evaluate the energy dispersion with direct reference to the representation of the translation and energy eigenstates |Ψ m n in terms of the underlying state |α m n given by (13) . This leads to the expectation value ofĤ,
where we have used thatτ n commutes withĤ. Inserting the definition (14) into the numerator yields
and a similarly expression withĤ replaced by1 applies for the normalization factor in the denominator in (18) . Since the Hamiltonian favors nearest neighbor interactions, and since the states |α m n become very narrow in the limit U/J → −∞, we expect that only the terms k ∈ {M − 1, 0, 1} contribute significantly in the sum (19) . For the denominator we can make an even stronger argument for the suppression of terms: Since |α with their center of mass phase angle exactly equal to ±π/M . We recall that this very strong truncation is valid because we chose to represent our states by Fock states with their center-of-mass coordinate within the wedge.
Truncating (19) to k = M − 1, 0, 1 and approximating the denominator in (18) by unity yields 
which turns out to be in excellent agreement with the energy eigenvalues found from the numerical diagonalization ofĤ, and our description thus accounts for the spectral features at all observable energy scales.
VII. CONCLUSION
In conclusion, we have solved the attractive BoseHubbard Hamiltonian numerically on a ring lattice with a finite number of atoms, and we have found that while the eigenstates have uniform mean population on all sites, the atomic wave function shows strong interparticle correlations. These correlations are suggestive that the exact eigenstates can be represented as superposition states of translated replica of compact (solitonic) composite many-body states. We have verified that this representation is, indeed, a useful one, and we have further demonstrated that the separation of center-of-mass and relative motion of the atoms explains features of the energy spectra very well. The argument is similar to the argument for the Born-Oppenheimer approximation applied in chemistry to separate nuclear and electronic motion. The separation is valid in the limit of strong interactions, where the energy scales become sufficiently different, and we observed how degeneracies in the system give rise to typical anti-crossing behavior with significant non-adiabatic coupling of different internal states. This phenomenon is also well known in Born-Oppenheimer theory, and plays a prominent role in the rich physics associated with conical intersections [27] .
Our analysis supplements numerical calculations with a physical picture of the states of attractive bosons on a lattice. In this picture they form compact, macroscopically populated condensate states, and they may be subject to excitations of one or several atoms out of the condensate state, which in turn occupies a superposition of different locations corresponding to center-of-mass quasimomentum eigenstates of the system.
Apart from offering insight in the anatomy of the many-body quantum state, the separation of the degrees of freedom in relative and center-of-mass motion paves the way for new mechanisms to excite and control the system dynamics. We imagine, for example, that the nonadiabatic coupling of different many-body states across a certain range of quasi-momentum eigenstates, may be applied to prepare interesting many-body superposition states.
Instead of iterating through all pairs of basis states, a lot can be saved by using the sparsity ofĤ, which only couples one basis state |Ω b to a few others.
For single particle operators we thus applyâ † sât to |Ω b (for all s and t with non-vanishing c st in (A1)), and the resulting state can then be identified among the basis states. A similar procedure is used for the two-particle operators, but here one iterates over four indices instead of two. The identification procedure can be done conveniently with a suitable hashing function that facilitates the handling of single mode indices in the full set of manybody states. Different general hashing functions are suggested in [28] , but in the case where the Fock basis consists of all states with N bosons in M modes, [29] proposes a simpler hashing function that gives a convenient mapping between the single mode occupation numbers in the Fock basis states and the set of integers from 1 to Γ M N . In [29] only the closed form formula for the hashing function is given, but here we define a binary relation to compare each two basis states and we derive the hashing formula from first principles. Finally, we show that, using the ordering induced by this particular binary relation, it is often not even necessary to use the hashing formula.
Binary relation
For two multi-mode N -particle Fock states
there will be a lowest k ∈ {0, . . . , M − 1} such that m j = n j for j > k.
We now introduce a binary relation N on the basis,
This relation provides an ordering of the full set of basis states, and a simple recipe to find the successor of a given basis state, |Ω a = |n 0 , . . . , n M −1 : First find the highest k ∈ {0, . . . , M − 1} such that
i.e. the state has the form |Ω a = |0, . . . , 0, n k , n k+1 , . . . , n M −1 .
with n k = 0. The next element in the ordered basis is then obtained by transferring one particle from the kth to the k + 1st mode, while the remaining particles in the kth mode are moved to the first one:
This increment recipe clearly respects the ordering, |Ω a N |Ω a+1 , and it can be proved inductively that successive use of this increment constructs all possible basis states. Thus, from now on we let
denote the ordered set of N -particle Fock basis states (N = 0, 1, 2 , . . .) with the ordering induced by (A2).
Explicit enumeration of basis states
In our calculations we make explicit use of the translational invariance of the problem, and hence we also need efficient means to identify the Fock state members of the equivalence classes E (j) P j=1
, and the action of the translation operatorT . The action ofT on a multimode Fock state is trivially carried out by shifting the occupation numbers cyclically, but the problem lies in identifying which basis state one arrives at. For this purpose it is advantageous to be able to calculate the basis state number directly (in the chosen ordering) without searching in a complete list of basis states. For this purpose, it is advantageous to represent the states by the N -tuple (s 1 , . . . , s N ), where s j ∈ {0, . . . , M − 1} denotes which mode is occupied by the jth particle. This is a unique representation and it is not in conflict with the particle indistinguishability, if we choose s 1 ≤ s 2 ≤ · · · ≤ s N .
To each N -tuple corresponds a basis state with a given number Λ N (s 1 , . . . , s N ) ∈ 1, . . . , Γ M N in our chosen ordering, and to identify that number efficiently we note that the ordering begins with the states where we occupy only the first mode, then comes all possible ways of occupying only the first two modes, but with non-vanishing occupation of the second mode, then the first three modes and so forth. The last state which only occupies the first s modes 0, . . . , s − 1 is the state |0, . . . , 0, N, 0, . . . , 0
where the N appears in the place corresponding to mode s − 1, and this state must have the number Γ s N . The subsequent states, according to our ordering, start by putting one particle in the next mode and the remaining N − 1 atoms in lower modes, and these states, all having one atom in the mode corresponding to the sth mode, are to be numbered as Γ 
Formula (A4) equips us with an explicit way of calculating the number of the basis vector from its N -tuple representation, and we can hence readily calculate the action of, e.g., the translation operator without having to search through the ordered list of states for a match of the shifted populations.
Matrix elements
The great advantage of using this ordering of the basis states is that, even though we just derived the explicit formula (A4), often we need not even calculate the hashing function.
If we apply an annihilation operatorâ j to an Nparticle Fock basis state |Ω 
